Chapter 4 Series Solutions
€ Explicit and closed formed solution of a differential equation

y'+2y=1, y(0)=3
1 —2X
y(X)=§(1+Se )

Closed form: since finite algebraic combination of
elementary functions

€ Series solution: giving y(x) as an infinite series involving
constant time powers of x

(Def 4.4) Power Series

ian (x—x,)" converges for x =X,
n=0

Ex62: Z n!x", which converges for x =0 but diverges for any
n=0

X#0



(Thm 4.5)

Suppose > a,(x—X,)" converges for x=x, # X,.Then the
n=0

series converges absolutely for all x such that

|X = Xq| <[ %, =X,

Three possibilities for convergence of > a, (x—x,)"
n=0

1. converge only for x = x,

2. converge for all real number x

3. positive number r, called the radius of convergence of the

series, such that ian(x—xo)” converges if |x—x|<r,
n=0

diverges if [x—X,|>r. (X, —r, % +r) iscalled the open
interval of convergence.

(Thm 4.6)

Suppose b, =0 for n=0,1,2,... and that

lim|—| = L

N—00

n

Theann converges absolutely if L <1 and diverges if L>1.

n=0

If L =1, then this test allows no conclusion
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€ Taylor and Maclaurin Expansions

f(x)= ian (x—=%,)" insomeinterval (x,—r, X%, +r)

f&(x,) =323,
(%) =k(k-1)--(2)(1)a,
== 190x)
This number is called the kth Taylor coefficient of f at X,
=1
2= 1 06)(x=%)
The series is the Taylor series for f(x) about X,

If x, =0, the Taylor expansion is about 0 and is often called a

Maclaurin expansion

are Maclaurin expansions



4.1 Power Series Solutions of Initial Value Problems
(Def 4.1) Analytic Function:

Afunction f isanalyticat x, if f(x) hasa power series

representation in some open interval about x,:

F(x) =2 8,(x=%)"
n=0
in some interval (x, —r,x,+r).ris the radius of convergence

(fracd )

(Thm 4.1)

Let pand q beanalyticat x,. Then the initial value problem
y+p)y=a(x);  y(X)=Yo

has a solution that is analytic at X,

That means coefficients are analytic at x, has an analytic

solution at X,

Y09 =Y a,(x %)

_1 (n)
an_my (XO)'



Ex63: y'+e*y=x*; y(0)=4

[i#]:



(Thm 4.2)

Let p, q,and f beanalyticat x,.Then the initial value
problem

y'+ p(x)y'+a(x)y=f(x); y(x)=A, y(x)=B

has a unique solution that is also analytic at x,

Ex64: y"—xy'+e'y=4; y(0)=1, y'(0)=4

[i#]:



Exercise V.

In each problem, find the first five nonzero terms of the power
series solution of the initial value problem, about the point
where the initial conditions are given.

1 y"+y-=xy=0; y(0)=-2, y(0)=0

1 1 1 1
=2 X3+ ==X x4
Ly 3 12 60 120 }

2. y'—-xy=2x; y@ =3, y'@=0

5 2 5 3 5 4 5
{y=3+§(x—1) +E(X_l) +£(x—1) +=(x=1) +---}
3. y"—e*y'+2y=1; y(0)=-3, y'(0)=1

{y=—3+x+4x2+%x3+%x4+...}



4.2 Power Series Solutions Using Recurrence Relations

Ex65: y"+x’y =0 » we want a solution expanded about 0

0

[i2]: y(x)=> ax"

y' beginsat n=1-> y" beginsat n=2

Substitute y,y" into the differential equation

(m=n)
i(n+2)(n +1)a,,,X" +ian_2x” —0
n=0 s

2(1)a,x° +3(2)ax+ S [(n+2)(n+1)a,,, +a,, x" =0
n=2



a,=a,=0

(n+2)(n+1)a,,, +a,,=0 forn=2,3, ....
a,,=— 1 a,, forn=2,3
"2 (n+2)(n+1) 7 T
8, =———a,=——a
Y43 127

1 1

a5 = _@al = —2—031

y(x)=a, +a,x+0x*+0x’ —%aox4

—%aix5 +0x° +0x’ +6—;2a0x8 Jriaix9 +oee

1440

1 1 1
=g, | 1-—x'+—x*+-- |+a| Xx——X°
a“( 12" 672 jai( 20

3 =Y(0) » a=y'(0)

+——X
1440
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EX66 : y"+X°y'+4y=1-x°
[#%]:
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Exercise W:
In each problem, find the recurrence relation and use it to

generate the first five terms of the Maclaurin series of the

general solution.

1. y'—=xy=1-X

y=tr23 2n+1) ) [1+2246 .2n j

0
=3 -1}
2. y'+2y+xy=0

{ y=a,y,+ay,,a8,=y(0),a =y'(0)

1, 1 , 1 1
Y, =1-=x"+ —=x' ——x"+—x" +-
6 12 30 60

2 5 13
Y, =X=—X+=X——=x'+=x>+---}
3 12 60
3. Yy y—-(1-x+x°)y=-5
{yoalede L, 5 1o
y a01+2x X g X Xt |t

2,13 54, 2.5 .
+a{ S+ GX =X X0 }

1., 1. 1., 1. 1
B RV Ve Tl Vo By VP L =vy(0),a, =vy'(0
[2)( 6" "12° "20° 30" }a" ¥(0).a,=y'(0)}
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4.3 Singular Points and the Method of Forbenius
P(x)y"+Q(x)y+R(x)y=F(x)
y"+ p(x)y+a(x)y=f(x)
(Def 4.2) Ordinary and Singular Points:

X, 1S an ordinary point of equation
P(x)y"+Q(x)y+R(x)y=F(x) if P(x,)=0 and
Q(x)/P(x) > R(x)/P(x)>and F(x)/P(x) areanalyticat x,
X, 1S a singular point of equation
P(x)y"+Q(x)y+R(x)y=F(x) if x, isnotan ordinary

point

EX67: x3(x—2)2 y"+5(x+2)(x+2)y'+3x’y =0

[i#]:
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€ Only focus on homogeneous equation

P(x)y"+Q(x)y+R(x)y=0

(Def 4.3) Regular and Irregular Singular Points:
X,1s a regular singular point of equation
P(x)y"+Q(x)y+R(x)y=0 if x, isasingular point, and the

Q(x) R(x)
P(x) P(x)

X,. A singular point that is not regular is said to be an irregular

functions (x—x,) and (x—x,)’ are analytic at

singular point
EX68: x3(x—2)2 y"+5(x+2)(x—2)y+3x°y =0

[i#]:
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For regular singular point at x,
y(x)=>c,(x=x,)"" is called Forbenius series
n=0

A Forbenius series need not be a power series, r may be negative

or a noninteger

“Begins” with c¢,(x—Xx,)", which is constant only if r=0

i N+ r 0 )n+r—1
n=0

This summation for y' begins at zero. Also true for y"

X)= Y (n+1)(n+r-1)c, (x— %)

n=0

EX69: x*y"+ x(%+2xjy'+(x—%jy =0

[i#]:
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4.4 Second Solutions

(Thm 4.4) A second solution in the method of Frobenius:
If (r, —r,) is not an integer, two linearly independent Frobenius

solutions:
y,(x) => ¢, x™ and y,(x)=>.c,x"" ¢, %0, ¢;#0
n=0 n=0

y, and y, form a fundamental set on some interval (O, r) or (-r,

0)
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Exercise X:
Find all of the singular points and classify each singular point as
regular or irregular.
1.x*(x=3)" y"+4x(x* =x—6)y"+(x* -x-2)y =0

{ Singular pointsare x=0 and x=3.

x=0 isregular, x=3 isregular}

In each problem, (a) show that zero is a regular singular point of
the differential equation, (b) find and solve the indicial equation,
(c) determine the recurrence relation and (d) use the results of (b)
and (c) to find the first five nonzero terms of two linearly
independent Frobenius solutions.
2. 4X°y"+2xy'—=xy =0

R
{(a) XQ(x) 1 and x° R() = —% are both analytic at

P(x) 2 P(x)

x=0 so, x=0 isaregular singular point.
(b) 2r(2r-1)=0 with roots r1=% and r,=0

(c) The recurrence relation is

1
= n>1
n 2(n+r)(2(n+r)—1)cn‘1 "
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(d) Using r =

<
D
w
g)
I

. =—————C_,and one solution
2n(2n+1)

1y
2
{ 2n+1 }

Using r=0 gives C”:(Zn 1)(2n)c“ and a second
jution y, =1+ 3 X
solution ', +nZ:1:(2n)!}

3. 9x’y"+2(2x+1)y =0

, both analytic at

y &(x): an sz(x) 2(2x+1)
B M R

x=0
(b) 9r*—-9r+2=0 withroots r,=2/3 and r,=1/3

4 c .,n>1
3(n+r)-2)(3(n+r)-1) "

© ¢, =
(

4

—¢., and
3n(3n+1) o

(d) Using r=2/3 gives c, =

o (-1)" 4"

—x23|1 n
nr {+n2;‘3”n![4-7-10---(3n+1)]x}

-4
(3n—1)3n

e (-1)" 4" n
yZ_X]/ {1+;3nn![2.5,8...(3n—1)]X ]}

Whereas r=1/3 gives ¢, = c., and
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